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Abstract

We derive a new exactly solvable multi-component system of non-linear evolution equa-
tions (NLEEs). The system consists of three 1 + 1-dimensional evolution equations—one
first-order and two second-order in the spatial variable. We review their Lax representation,
formulate the scattering problem, and derive the soliton-like solutions of the system.

Keywords: polynomial lax pairs; integrable systems; multi-component NLEE;
inverse scattering

1. Introduction
Multi-component non-linear evolution equations (NLEEs) arise naturally as general-

izations of famous equations of mathematical physics, like, for example, the non-linear
Schrödinger equation (NLS) and the Korteweg–de Vries (KdV) and the modified KdV
(mKdV) equations. Multi-component mKdV-type equations were studied extensively
in [1,2]. Most of the low-dimensional cases were presented there, with some recent addi-
tions being available in [3–5]. Multi-component NLS-type equations are usually connected
to symmetric spaces [6–8]. Some of the more famous multi-component NLS-type equations
include the Manakov model [9] and spin 1 Bose–Einstein condensate [10]. Athorne and
Fordy showed that a large class of multi-component KdV and mKdV equations can also
be related to symmetric spaces [11]. Another example is given by the N-wave equations,
which model the resonance interaction of wave packets in non-linear media [12–15].

All of the above examples are based on the generalized Zaharov–Shabat system (also
called the Caudrey–Beals–Coifman system) [16–21]; i.e., they are related to a Lax pair
with an L operator linear in the spectral parameter λ. We note that systems of this type
are still actively studied; see for example [22–25]. One way to generalize such systems
is to consider polynomial dependence in λ. Classical examples include the derivative
NLS equations—the Kaup–Newell [26], Chen–Lee–Liu [27], and Gerdjikov–Ivanov models.
Note that they are all examples of one-component NLEEs related to higher-order energy-
dependent Lax operators [28,29]. While there have been some recent advances for multi-
component systems (see for example [30]), the majority of cases remain unexplored. This
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article is a study in exactly this direction. We will derive a system of NLEEs related to a
Lax pair, where L is third-order in λ and M is fifth-order. The system takes the form
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(1)

It is exactly solvable by the inverse scattering method. In this paper we briefly
outline the key moments in the formulation of the scattering problem—we properly define
the fundamental analytic solutions (FASs) and their regions of analyticity based on the
spectrum of the L operator. For an introduction to the theory of the FASs in the context
of integrable models, see the classical papers of Shabat [31,32]. The FASs are connected
to a (multiplicative) Riemann–Hilbert problem (RHP) with canonical normalization. An
interesting thing to note is that one can start from an RHP directly and then derive the
corresponding Lax representation. Such approach was used, for example, in [33]. Note that
the same approach can also be used to derive multi-dimensional systems, but the related
RHP in this case is non-local [34]. For an introduction to the application of the RHP in
integrable models and the related history, we recommend [35].

We also present some soliton-like solutions to the NLEEs. They are derived using
the Zakharov–Shabat dressing method (we recommend reading the classical paper [17],
with some more recent exposition found in [36]). The system has at least two types of
nontrivial solutions. The first type is given by breather waves—the solution is spatially
confined, with the three components moving together. The other type of solution is a rogue
wave—it is localized in time. In our case, this type of solution is not spatially confined. A
review on different types of non-linear waves (including breathers and rogue waves) can be
found in [37].

A note on terminology—when we say Lax pair, we assume that it is in the zero
curvature representation (ZCR). Usually, Lax operators are scalars and do not contain a
spectral parameter [38]. For example, the KdV equation

∂

∂t
u = 6u

∂

∂x
u − ∂3

∂x3 u, (2)

is a result of the Lax equation
∂

∂t
L =

[
P, L

]
, (3)

where
L = −∂2

x + u,

P = −4∂3
x + 6u∂x + 3∂xu.

(4)

In the ZCR the Lax operators are first-order but no longer scalar:

L = i∂x + U (x, t, λ),

M = i∂t + V(x, t, λ),
(5)

where U (x, t, λ),V(x, t, λ) are in general n × n matrices. The parameter λ is called the
spectral parameter. We can interpret L and M as connections (covariant derivatives) on
some properly chosen manifold, with U (x, t, λ),V(x, t, λ) being the connection coefficients.
Then the condition

[
L, M

]
= 0 (which now plays the role of (3)) implies zero curvature on

that manifold, hence the name ZCR. An introduction to Lax pairs and the zero curvature



Dynamics 2025, 5, 31 3 of 19

representation can be found in [39]. Also, an excellent introduction to the theory of Lax
pairs and integrable models in general can be found in [40]. As an introduction to the
inverse scattering method in the context of integrable systems, we recommend [41–43].

This paper is structured as follows: In Section 2 we review some preliminary mate-
rial fixing the notations we will use. Section 3 considers the Lax representation and the
derivation of the NLEEs. By imposing the zero curvature condition for the two operators
of the pair, we derive the recursion relations, and by solving them we find the system of
NLEEs. Section 4 is devoted to the formulation of the scattering problem for the Lax pair.
We present the Jost solutions for the L operator, and we define the fundamental analytic
solutions (FASs). We show that the FASs are related to a Riemann–Hilbert problem. We
end the section by introducing the scattering data and finding its time evolution. Section 5
examines the soliton-like solutions of the NLEEs by using the dressing method. In Section 6
we conclude with a brief discussion.

2. Preliminaries
This section contains some very basic preliminaries from the basic theory of Lie

algebras. If the reader is further interested, we recommend [44–46].
The simple Lie algebra A1 ≃ sl(2,C) is the linear space of 2 × 2 matrices with the

operation [ , ], called the commutator, defined by

[
X, Y

]
= XY − YX, (6)

for every X, Y ∈ A1. Elements of the algebra are called generators. Note that for every
X ∈ sl(2,C), we have that eX is an invertible matrix with determinant 1. The set of these
matrices forms a group under matrix multiplication, which is denoted by SL(2,C). By
matrix exponentiation we mean

eX =
∞

∑
n=0

Xn

n!
. (7)

As a basis of sl(2,C) we will use the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (8)

They satisfy [
σj, σk

]
= 2iε jklσl (9)

with ε jkl being the Levi–Civita symbol.
Let adX denote the linear operator defined by

adX(Y) =
[
X, Y

]
. (10)

This operator has a kernel and can only be inverted on its image. We denote that
inverse by ad−1

X . If X is diagonalizable then ad−1
X can be expressed as a polynomial of adX .

We will denote Hermitian conjugation by † and complex conjugation by ∗. We will
also use standard bra–ket notation where needed, i.e.,

∣∣x
〉
=

(
x1

x2

)
,
〈

x
∣∣ = (x∗1 , x∗2) =

∣∣x
〉†. (11)

Also, when convenient we will use ∂x and ∂t to denote partial derivatives.
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3. Lax Pair and Recursion Relations
3.1. Lax Pair and Reductions

Consider a Lax pair given by

L = i∂x + U(x, t, λ)− λ3 J,

M = i∂t + V(x, t, λ)− λ5K,
(12)

with
U(x, t, λ) = U0(x, t) + λU1(x, t) + λ2U2(x, t),

V(x, t, λ) = V0(x, t) + λV1(x, t) + λ2V2(x, t) + λ3V3(x, t)+λ4V4(x, t),
(13)

where J and K are diagonal constant matrices with complex coefficients. We will impose
two conditions (called reductions [47]) on the coefficients of the Lax operators. We have

CU(x, t,−λ)C−1 = U(x, t, λ),

U(x, t, λ∗)† = U(x, t, λ),
(14)

with analogous restrictions on V(x, t, λ). Here

C =

(
0 −1
1 0

)
. (15)

We will also assume that the coefficients of the potentials vanish at spatial infinity, i.e.,

lim
x→±∞

Ui(x, t) = 0, lim
x→±∞

Vi(x, t) = 0.

The explicit form of the coefficients of L is

J = σ3,

U0 = q1(x, t)σ2,

U1 = q2(x, t)σ1 +
1
2

q3(x, t)2σ3,

U2 = q3(x, t)σ2.

(16)

We also have that K = J5 = J. The choice of J determines the inverse of adJ to be
(see Appendix A)

ad−1
J =

1
4

adJ . (17)

3.2. Zero Curvature Condition and Recursion Relations

The coefficients of M are found from the zero curvature condition (ZCC)

[
L, M

]
= 0, (18)

which should hold for all values of the spectral parameter λ. This leads to the following set
of recursion relations:
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λ7 : [J, V4]− [J, U2] = 0,

λ6 : −[U1, J] + [V3, J] + [U2, V4] = 0,

λ5 : −[U0, J] + [V2, J] + [U1, V4] + [U2, V3] = 0,

λ4 : i
∂

∂x
V4 + [V1, J] + [U0, V4] + [U1, V3] + [U2, V2] = 0,

λ3 : i
∂

∂x
V3 + [V0, J] + [U0, V3] + [U1, V2] + [U2, V1] = 0,

λ2 : i
∂

∂x
V2 − i

∂

∂t
U2 + [U0, V2] + [U1, V1] + [U2, V0] = 0,

λ1 : i
∂

∂x
V1 − i

∂

∂t
U1 + [U0, V1] + [U1, V0] = 0,

λ0 : i
∂

∂x
V0 − i

∂

∂t
U0 + [U0, V0] = 0.

(19)

Note that each X ∈ sl(2,C) can be decomposed as

X = X⊥ + X∥, adJ X∥ = [J, X∥] = 0, (20)

i.e., X∥ is “parallel” to J while X⊥ is “orthogonal” to J. The solutions to (19) are given by

V4 = V⊥
4 = ad−1

J [J, U2] = U2,

V3 = V⊥
3 + V∥

3 = ad−1
J ([J, U1] + [U2, V4]) + V∥

3 = U1,

V2 = V⊥
2 = ad−1

J ([K, U0] + [U1, V4] + [U2, V3]) = U0,

V1 = V⊥
1 + V∥

1 = ad−1
J
(
i∂xV4 +

[
U0, V4

]
+
[
U1, V3

]
+
[
U2, V2

])
+ V∥

1 ,

V0 = V⊥
0 = ad−1

J
(
i∂xV3 +

[
U0, V3

]
+
[
U1, V2

]
+
[
U2, V1

])
.

(21)

Written explicitly, the above reads

V4 = q3σ2,

V3 = q2σ1 +
1
2

q2
3σ3,

V2 = q1σ2,

V1 =
1
2

∂xq3σ1 +

(
q1q3 +

1
8

q4
3 +

1
2

q2
2

)
σ3,

V0 = −1
8

(
4∂xq2 + 8q2

3q1 + q5
3 + 4q3q2

2

)
σ2.

(22)

The λ2, λ1, λ0 terms in (19) give rise to the system of NLEEs

∂q3

∂t
=

∂q1

∂x
+

1
2

q2
3

∂q3

∂x
− 2q2q1q3 −

1
4

q2q4
3 − q3

2,

∂q2

∂t
=

1
2

∂2q3

∂x2 +
1
2

q2
3

∂q2

∂x
+ 2q2

1q3 +
5
4

q1q4
3 + q1q2

2 +
1
8

q7
3 +

1
2

q3
3q2

2,

∂q1

∂t
= −1

2
∂2q2

∂x2 − 1
2

∂

∂x

(
2q2

3q1 +
1
4

q5
3 + q3q2

2

)
.

(23)

4. Scattering Problem and Fundamental Analytic Solutions
The formulation of the scattering problem for L follows closely the procedure for Lax

operators linear in λ (see, for example, [48]). There are, however, some notable differences,
mainly in the regions of analyticity of the fundamental analytic solutions.
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A starting point is the definition of the Jost solutions

lim
x→−∞

ei Jλ3xϕ−(x, t, λ) = 11, lim
x→∞

ei Jλ3xϕ+(x, t, λ) = 11. (24)

Using them, we can define the scattering matrix

T(λ, t) = ϕ̂+(x, t, λ)ϕ−(x, t, λ) =

(
a+(λ) −b−(λ)
b+(λ) a−(λ)

)
. (25)

Here “hat” denotes the matrix inverse. Note that, since det ϕ± = 1, we have
det T = 1. Let

ξ(x, t, λ) = ϕ+(x, t, λ)eiλ3 Jx,

η(x, t, λ) = ϕ−(x, t, λ)eiλ3 Jx.
(26)

From the Lax representation (12) for ϕ+(x, t, λ), ϕ−(x, t, λ), i.e., Lϕ± = 0, it follows
that ξ(x, t, λ), η(x, t, λ) must satisfy

i∂xξ(x, t, λ) + U(x, t, λ)ξ(x, t, λ)− λ3[J, ξ(x, t, λ)] = 0,

i∂xη(x, t, λ) + U(x, t, λ)η(x, t, λ)− λ3[J, η(x, t, λ)] = 0,
(27)

with solutions given by the following integral equations:

ξ(x, t, λ) = 11 + i
∫ x

∞
dy e−iλ3 J(x−y)U(y, t, λ)ξ(y, t, λ)eiλ3 J(x−y),

η(x, t, λ) = 11 + i
∫ x

−∞
dy e−iλ3 J(x−y)U(y, t, λ)η(y, t, λ)eiλ3 J(x−y),

(28)

where we recall that

U(y, t, λ) = U0(y, t) + λU1(y, t) + λ2U2(y, t). (29)

For the above integral equations to have solutions, we must have that

Im[λ3(Jii − Jjj)] = 0. (30)

This will not be possible for all λ. The solution is to consider the columns of
ξ(x, t, λ), η(x, t, λ), i.e,

ξ(x, t, λ) = (ξ−(x, t, λ), ξ+(x, t, λ)),

η(x, t, λ) = (η+(x, t, λ), η−(x, t, λ)).
(31)

The columns must satisfy the equations

ξ−(x, t, λ) =

(
1
0

)
+ i

∫ x

∞
dy G2(x − y, λ)U(y, t, λ)ξ−(y, t, λ),

ξ+(x, t, λ) =

(
0
1

)
+ i

∫ x

∞
dy G1(x − y, λ)U(y, t, λ)ξ+(y, t, λ),

η+(x, t, λ) =

(
1
0

)
+ i

∫ x

−∞
dy G2(x − y, λ)U(y, t, λ)η+(y, t, λ),

η−(x, t, λ) =

(
0
1

)
+ i

∫ x

−∞
dy G1(x − y, λ)U(y, t, λ)η−(y, t, λ),

(32)

with functions given by
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G1(x − y, λ) =

(
e−2iλ3(x−y) 0

0 1

)
,

G2(x − y, λ) =

(
1 0
0 e2iλ3(x−y)

)
.

(33)

The above equations are Voltera integral equations and can be solved by using the
Neumann series (for the integral operator). The series will converge if the components of
ξ±(x, t, λ), η±(x, t, λ) satisfy certain norm conditions. The details are essentially the same
as in [48]. Suffice to say that we will require two things:

• We will require that the exponential factors e±2iλ3(x−y) are decaying within the sectors
of analyticity of ξ±(x, t, λ), η±(x, t, λ).

• The potential U(x, t, λ) should decay sufficiently fast for large x. One choice is to fix
U(x, t, λ) to be a Schwartz function (with respect to x).

4.1. Fundamental Analytic Solutions

We will group the columns ξ±(x, t, λ), η±(x, t, λ) with respect to their analyticity:

χ1(x, t, λ) = (η+, ξ+),

χ2(x, t, λ) = (ξ−, η−).
(34)

The above matrices are called the fundamental analytic solutions (FASs) of L (note that
this is not entirely precise; this will be cleared up at the end of this section). The regions of
analyticity of χ1(x, t, λ), χ2(x, t, λ) are described below:

1. The continuous spectrum of L fills up the set of rays lk, k = 0, . . . 5 in the complex
λ-plane for which (see Figure 1)

Im
(

λ3
)
= 0. (35)

Solving (35) leads to the rays being defined by

lk : arg λ =
πk
3

, k = 0, . . . 5. (36)
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l0

l1l2

l3

l4 l5

Ω0

Ω1

Ω2

Ω3

Ω4

Ω5

Figure 1. The continuous spectrum of L fills the rays lk, k = 0, . . . , 5. The sectors of analyticity of
χi(x, t, λ) are denoted by Ωk.
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3. The FAS are analytic in the sectors Ωk as follows 143

χ1 : Ω0, Ω2, Ω4;

χ2 : Ω1, Ω3, Ω5;
(38)

Figure 1. The continuous spectrum of L fills the rays lk, k = 0, . . . , 5. The sectors of analyticity of
χi(x, t, λ) are denoted by Ωk.
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2. The regions of analyticity of the FASs are the sectors

Ωk ≡
{

kπ

3
< arg λ <

(k + 1)π
3

}
. (37)

3. The FASs are analytic in the sectors Ωk as follows:

χ1 : Ω0, Ω2, Ω4;

χ2 : Ω1, Ω3, Ω5;
(38)

We will abuse the notations when convenient and write χk, where if k > 2 then it is
taken modulo 2.

4. The scattering data is obtained by the limits of the FASs along both sides of the
rays lke±i0:

lim
x→∞

eiλ3 Jxχ1(x, t, λ)e−iλ3 Jx = S1(t, λ)D+
1 (λ),

lim
x→−∞

eiλ3 Jxχ1(x, t, λ)e−iλ3 Jx = T1(t, λ)D−
1 (λ),

∀λ ∈ lke+i0, k = 0, 2, 4 (39)

lim
x→∞

eiλ3 Jxχ2(x, t, λ)e−iλ3 Jx = S2(t, λ)D+
2 (λ),

lim
x→−∞

eiλ3 Jxχ2(x, t, λ)e−iλ3 Jx = T2(t, λ)D−
2 (λ),

∀λ ∈ lke−i0, k = 1, 3, 5 (40)

with

S1(t, λ) =

(
1 0

ρ+ 1

)
, S2(t, λ) =

(
1 −ρ−

0 1

)
,

T1(t, λ) =

(
1 τ+

0 1

)
, T2(λ) =

(
1 0

−τ− 1

)
,

D+
1 (t, λ) =

(
a+ 0
0 1

)
, D+

2 (λ) =

(
1 0
0 a−

)
,

D−
1 (t, λ) =

(
1 0
0 a+

)
, D−

2 (λ) =

(
a− 0
0 1

)
,

(41)

where

ρ± =
b±

a±
, τ± =

b∓

a±
, (42)

are known as reflection coefficients. The scattering data satisfies

S1D+
1 D̂−

1 T̂1 = S2D+
2 D̂−

2 T̂2 = T(t, λ), λ ∈ lk. (43)

Equation (43) is the Gauss decomposition of the scattering matrix T(t, λ).

4.2. Riemann–Hilbert Problem with Canonical Normalization

The fundamental analytic solutions satisfy a (multiplicative) Riemann–Hilbert
problem (RHP):

χk+1(x, t, λ) = χk(x, t, λ)Gk(x, t, λ), λ ∈ lk,

Gk(x, t, λ) = e−iλ3 JxD̂k
+Ŝk(t, λ)Sk+1D+

k+1(t, λ)eiλ3 Jx.
(44)

The RHP is canonically normalized:

lim
λ→∞

χk(x, t, λ) = 11. (45)
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The Zakharov–Shabat system can be generalized for Lax operators that are polynomial
in the spectral parameter [30] to show that FASs are a solution of

i
∂χk
∂x

+ (U0 + λU1 + λ2U2)χk(x, t, λ)− λ3[J, χk(x, t, λ)] = 0. (46)

Note that we can express the FASs in terms of the potentials. If χk(x, t, λ) is canonically
normalized, it can be represented as

χk(x, t, λ) = exp(Q(x, t, λ)), (47)

where

Q(x, t, λ) =
∞

∑
s=1

λ−sQs(x, t). (48)

Only the first three terms need to be independent:

Q(x, t, λ) =
Q1(x, t)

λ
+

Q2(x, t)
λ2 +

Q3(x, t)
λ3 + . . . (49)

with higher terms expressed as functions of Q1(x, t), Q2(x, t), Q3(x, t) and their derivatives.
Then, the potentials of L can be expressed as

U2 = ad JQ1,

U1 = ad JQ2 −
1
2

ad 2
Q1

J,

U0 = ad JQ3 −
1
2
(
ad Q1ad Q2 + ad Q2ad Q1

)
J − 1

6
ad 3

Q1
J.

(50)

To show that the the corresponding Reimman–Hilbert problem is canonically normal-
ized, it is sufficient to show that Q1(x, t), Q2(x, t), Q3(x, t) can be expressed in terms of the
potentials U0(x, t), U1(x, t), U2(x, t). Inverting (50) we have

Q1 = ad−1
J U2,

Q2 = ad−1
J

(
U1 +

1
2
[
U2, ad−1

J U2
])

,

Q3 = ad−1
J

(
U0 +

1
2
((

ad Q1ad Q2 + ad Q2ad Q1

)
J
)
+

1
6

ad3
Q1

J
)

.

(51)

We have mentioned that χk(x, t, λ) are not exactly the FASs of the Lax operator. To be
precise, the FASs of L are in actuality

ζk(x, t, λ) = χk(x, t, λ)e−iλ3 Jx, (52)

satisfying
Lζk = i∂xζk + U(x, t, λ)ζk − λ3 Jζk = 0. (53)

4.3. Time Dependence of the Scattering Data

Consider one of the Jost solutions of L, say ϕ. In general we have that

Lϕ(x, t, λ) = 0, Mϕ(x, t, λ)− ϕ(x, t, λ)Γ(λ) = 0, (54)
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where Γ(λ) is a constant matrix. The idea is to choose Γ(λ) in such a way that the scattering
data satisfy a linear evolution equation. Let us calculate the following limit:

lim
x→−∞

eiλ3 Jx(Mϕ(x, t, λ)− ϕ(x, t, λ)Γ(λ)) =

= lim
x→−∞

eiλ3 Jx

[(
i

∂

∂t
+

4

∑
p=0

λpVp − λ5 J

)
ϕ(x, t, λ)− ϕ(x, t, λ)Γ(λ)

]

= −λ5 J − Γ(λ) = 0,

(55)

where we have used the fact that limx→±∞ Vp(x, t) = 0. From (55) we obtain

Γ(λ) = −λ5 J. (56)

We can derive the evolution for the Gauss factors of the scattering matrix. Assuming
λ ∈ lkei0, let us calculate the following limit:

lim
x→∞

eiλ3 Jx(Mζk(x, t, λ)− ζk(x, t, λ)Γ(λ)) =

= lim
x→∞

eiλ3 Jx

[(
i

∂

∂t
+

4

∑
p=0

λpVp − λ5 J

)
ζk(x, t, λ)− ζk(x, t, λ)Γ(λ)

]

= i
∂SkD+

k
∂t

− λ5[J, SkD+
k
]
= 0, λ ∈ lk.

(57)

Splitting the above into diagonal and off-diagonal parts, we find that

i
∂Sk
∂t

− λ5[J, Sk
]
= 0,

i
∂

∂t
D+

k = 0.
(58)

A similar limit can be calculated for x → −∞:

lim
x→−∞

eiλ3 Jx(Mζk(x, t, λ)− ζk(x, t, λ)Γ(λ)) =

= lim
x→−∞

eiλ3 Jx

[(
i

∂

∂t
+

4

∑
p=0

λpVp − λ5 J

)
ζk(x, t, λ)− ζk(x, t, λ)Γ(λ)

]

= i
∂TkD−

k
∂t

− λ5[J, TkD−
k ] = 0, λ ∈ lk.

(59)

Again, considering diagonal and off-diagonal parts, we find

i
∂Tk
∂t

− λ5[J, Tk
]
= 0,

i
∂D−

k
∂t

= 0.
(60)

The solution of the above equations is given by (written component-wise)

Sk,mn(t, λ) = e−iλ5(Jmm−Jnn)tSk,mn(0, λ), Tk,mn(t, λ) = e−iλ5(Jmm−Jnn)tTk,mn(0, λ), (61)

with the factors D±
k being time-independent. We can combine all of the above to derive the

evolution for the scattering matrix

i
∂T
∂t

− λ5[K, T] = 0, (62)
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with a solution (written component-wise)

Tmn(t, λ) = e−iλ5(Jmm−Jnn)tTmn(0, λ). (63)

Solving the corresponding system of non-linear evolution equations (NLEEs) reduces
to the following:

1. Given Cauchy data U(x, 0, λ), using the equation for the FASs, i.e.,

i
∂χk
∂x

+ (U0(x, 0) + λU1(x, 0) + λ2U2(x, 0))χk − λ3[J, χk] = 0, (64)

find χk(x, 0, λ), k = 1, 2.
2. Using Equations (39) and (40), find the Gauss factors for t = 0 of the scattering matrix.

Using them, reconstruct the scattering matrix T(0, λ).
3. Using (63) find T(t, λ).
4. Solve the inverse scattering problem for T(t, λ) to find the time dependence of the

potentials. This step is performed using the Gel’fand–Levitan–Marchenko (GLM)
equation [48], which should be properly generalized for the L polynomial in λ. This
is more involved and will be performed in a future work. Here, we will just note that
the potentials can be recovered using the FASs χk(x, t, λ) by calculating the limit

lim
λ→∞

(
i
∂χk
∂x

+ (U0 + λU1 + λ2U2)χk − λ3[J, χk]

)
= 0. (65)

5. Soliton-like Solutions
In what follows we will only consider the L operator. Note that there will be equivalent

equations following from the M operator too. The main tool we will use is the dressing
method [17,30,36]. The idea is to find u(x, t, λ) ∈ SL(2,C) such that, starting from an
already known solution ψ0(x, t, λ), i.e.,

i∂xψ0 + Un(x, t, λ)ψ0 − λ3 Jψ0 = 0,

Un(x, t, λ) = Un,0(x, t) + λUn,1(x, t) + λ2Un,2(x, t),
(66)

we have that the function

ψ(x, t, λ) = u(x, t, λ)ψ0(x, t, λ) (67)

is a solution of
i∂xψ + Ud(x, t, λ)ψ − λ3 Jψ = 0,

Ud(x, t, λ) = Ud,0(x, t) + λUd,1(x, t) + λ2Ud,2(x, t).
(68)

The matrix-valued function u(x, t, λ) is called the dressing factor. We will call
Un(x, t, λ) the naked potential and Ud(x, t, λ) the dressed potential. We also require that
u(x, t, λ) be normalized, i.e.,

lim
λ→∞

u(x, t, λ) = 11. (69)

The dressing factor must be compatible with the imposed reductions (14):

Cu(x, t,−λ)C−1 = u(x, t, λ), (70)

u(x, t, λ∗)† = u−1(x, t, λ). (71)

By substituting (67) into (68), we can write the following equation for the dressing factor:

i∂xu − uUn + Udu − λ3[J, u
]
= 0. (72)
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Consider the normalization condition (69). If the dressing factor is analytic in the whole
λ plane and has no singularities, then by Liouville’s theorem it is a constant. Therefore, any
nontrivial dressing factor must have singularities. We will consider the simplest case, i.e.,
the dressing factor has a simple pole at λ0. This, along with the reduction condition (70),
fixes the dressing factor to have the form

u(x, t, λ) = 11 +
A

λ − λ0
− CAC−1

λ + λ0
. (73)

The dressing factor must also satisfy (71), which means that

u−1(x, t, λ)u(x, t, λ) = u(x, t, λ∗)†u(x, t, λ) = 11. (74)

By calculating the residue of (74) at λ → λ0, we get

A
(

11 +
A†

λ0 − λ∗
0
− CA†C−1

λ0 + λ∗
0

)
= 0. (75)

In order to find a nontrivial solution to the above, consider

A =
∣∣m
〉〈

n
∣∣. (76)

The vectors
∣∣m
〉
,
∣∣n
〉

are called polarization vectors. By substituting (76) into the
residue at λ → λ0 of (72), we get

(
i∂x
∣∣m
〉
+ Ud(x, t, λ0)

∣∣m
〉
− λ3

0 J
∣∣m
〉)〈

n
∣∣

+
∣∣m
〉(

i∂x
〈
n
∣∣−
〈
n
∣∣Un(x, t, λ0) + λ3

0
〈
n
∣∣J
)
= 0,

(77)

which implies that

i∂x
∣∣m
〉
+ Ud(x, t, λ0)

∣∣m
〉
− λ3

0 J
∣∣m
〉
= 0, (78)

i∂x
∣∣n
〉
+ Un(x, t, λ∗

0)
∣∣n
〉
− λ∗

0
3 J
∣∣n
〉
= 0, (79)

i.e.,
∣∣m
〉

satisfies the equation with the dressed potential Ud(x, t, λ0), while
∣∣n
〉

is a solution
with the naked potential Un(x, t, λ∗

0). Note that while i∂x is self-adjoint with respect to the
usual L2 inner product, it is not invariant under matrix Hermitian conjugation. Now, note
that

∣∣m
〉

can be expressed as a linear function of
∣∣n
〉
. Considering (76), from (75) we get

〈
n
∣∣
(

11 +
|n
〉〈

m
∣∣

λ0 − λ∗
0
− C|n

〉〈
m
∣∣C−1

λ0 + λ∗
0

)
= 0, (80)

and by taking the Hermitian conjugate (and using the fact that C† = C−1 = −C), expanding
the bracket, and rearranging the terms we get

(
11

〈
n, n
〉

λ0 − λ∗
0
−
〈
n, Cn

〉
C

λ0 + λ∗
0

)
∣∣m
〉
= B

∣∣m
〉
=
∣∣n
〉
. (81)

The explicit form of B is

B =

( n1
∗n1+n2

∗n2
λ0−λ0

∗
n2

∗n1−n1
∗n2

λ0+λ0
∗

− n2
∗n1−n1

∗n2
λ0+λ0

∗
n1

∗n1+n2
∗n2

λ0−λ0
∗

)
. (82)
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This can easily be inverted (where |B| is the determinant of a matrix B):

B−1 =
1
|B|

(
B22 −B12

−B21 B11

)
, (83)

which means that ∣∣m
〉
= B−1∣∣n

〉
. (84)

Written explicitly, this reads as

m1 =
N1

D
, m2 =

N2

D
, (85)

where

N1 = (λ2
0 − λ∗

0
2)
((

(n2
1 − n2

2)n
∗
1 + 2n1n2n∗

2

)
λ∗

0 + λ0n∗
1(n

2
1 + n2

2)
)

,

N2 = (λ2
0 − λ∗

0
2)
((

(n2
2 − n2

1)n
∗
2 + 2n1n∗

1n2

)
λ∗

0 + λ0n∗
2(n

2
1 + n2

2)
)

,

D = (n∗
1

2 + n∗
2

2)(n2
1 + n2

2)[(λ
∗
0)

2 + λ2
0]

+ 2λ0λ∗
0((n1 − n2)n∗

1 + n∗
2(n1 + n2))((n1 + n2)n∗

1 − n∗
2(n1 − n2)).

(86)

From (72) we can express the potentials in terms of the residue of the dressing factor.
By factoring 1

λ2−λ2
0

as a common denominator and taking the limit λ → ∞ in (72), we get

Ud,2 = Un,2 +
[

J, A − CAC−1],

Ud,1 = Un,1 + λ0
[

J, A + CAC−1]− Ud,2

(
A − CAC−1

)
+
(

A − CAC−1
)

Un,2,

Ud,0 = Un,0 − λ0

(
Ud,2

(
A + CAC−1

)
−
(

A + CAC−1
)

Un,2

)
+ λ2

0(Ud,2 − Un,2)

−
(

Ud,1

(
A − CAC−1

)
−
(

A − CAC−1
)

Un,1

)
.

(87)

One-Soliton Solutions

When we say one-soliton solutions, we mean one soliton-like solution in each com-
ponent. This corresponds to a dressing factor having simple poles at λ0,−λ0. In this case
Un = 0. Then (79) implies that

i∂x
∣∣n
〉
− λ∗

0
3 J
∣∣n
〉
= 0. (88)

Note that we have an analogous equation following from the M operator,

i∂t
∣∣n
〉
− λ∗

0
5 J
∣∣n
〉
= 0. (89)

The above two equations can be easily solved to yield

∣∣n
〉
= eiλ∗

0
3 Jx+iλ∗

0
5 Jt∣∣n0

〉
, (90)

where
∣∣n0
〉
=

(
n01

n02

)
(91)

is an arbitrary constant complex-valued vector. Explicitly this reads

n1 = ei(λ∗
0

3x+λ∗
0

5t)n01,

n2 = e−i(λ∗
0

3x+λ∗
0

5t)n02.
(92)



Dynamics 2025, 5, 31 14 of 19

The one-soliton solution is described by three complex parameters—n01, n02, λ0. From
(87) we can recover the potentials. Let λ0 = µ + iν and

F1 = n1n∗
1 + n2n∗

2 , F2 = n2n∗
1 + n1n∗

2 ,

F3 = n1n∗
1 − n2n∗

2 , F4 = n1n∗
2 − n2n∗

1 .
(93)

Then we can write the potentials as

q1 = −4νµ

(
F2F1µ3 + 3iF4µ2νF3 − 3F2F1ν2µ − iF4ν3F3

)

F2
1 µ2 − F2

4 ν2
,

q2 = 4νµ

(
iF3

1 F4µ4 − 2F3F2F2
1 νµ3 + i(2F2

2 − 2F2
3 − F2

4 + F2
1 )F4F1ν2µ2 − 2F3F2F2

4 ν3µ − iν4F1F3
4
)

(F2
1 µ2 − F2

4 ν2)2
,

q3 = −4νµ
(F2F1µ + iF3F4ν)

F2
1 µ2 − F2

4 ν2
.

(94)

The explicit form of Fi is given by

F1 =
(
|n01|2 + |n02|2

)
cosh

(
(2ν5 − 20ν3µ2 + 10νµ4)t − 2xν3 + 6xµ2ν

)

+
(
|n01|2 − |n02|2

)
sinh

(
(2ν5 − 20ν3µ2 + 10νµ4)t − 2xν3 + 6xµ2ν

)
,

F2 = (n02n∗
01 + n01n∗

02) cos
(

2µ
(
(µ4 − 10ν2µ2 + 5ν4)t + x(µ2 − 3ν2)

))

+ i(n01n∗
02 − n02n∗

01) sin
(

2µ
(
(µ4 − 10ν2µ2 + 5ν4)t + x(µ2 − 3ν2)

))
,

F3 =
(
|n01|2 − |n02|2

)
cosh

(
(2ν5 − 20ν3µ2 + 10νµ4)t − 2xν3 + 6xµ2ν

)

+
(
|n01|2 + |n02|2

)
sinh

(
(2ν5 − 20ν3µ2 + 10νµ4)t − 2xν3 + 6xµ2ν

)
,

F4 = (n01n∗
02 − n02n∗

01) cos
(

2µ
(
(µ4 − 10ν2µ2 + 5ν4)t + x(µ2 − 3ν2)

))

+ i(n01n∗
02 + n02n∗

01) sin
(

2µ
(
(µ4 − 10ν2µ2 + 5ν4)t + x(µ2 − 3ν2)

))
.

(95)

The expressions for the potentials qi are quite cumbersome, which significantly com-
plicates the general analysis of the solution. We can classify the solutions into at least
three classes:

• Breather solutions. In general, the solution is a breather solution (with all components
traveling together), provided that the pole λ0 does not lie on the continuous spectrum
(see Figure 1). For example, let n01 = 1, n02 = 1, λ0 = 1 + i. Then the solution is
given by

q1 = 16
cos(4x + 8t) cosh(4x − 8t)− sin(4x + 8t) sinh(4x − 8t)

2 − cos(8x + 16t) + cosh(8x − 16t)
,

q2 = − 8

(2 − cos(8x + 16t) + cosh(8x − 16t))2

×
(
8 sin(4x + 8t) cosh(4x − 8t)− cos(12x + 24t) sinh(4x − 8t)

− cos(4x + 8t) sinh(12x − 24t)
)
,

q3 = −8
(cos(4x + 8t) cosh(4x − 8t)+ sin(4x + 8t) sinh(4x − 8t))

2 − cos(8x + 16t) + cosh(8x − 16t)
.

(96)

Plots of the solution can be found in Figures 2 and 3.



Dynamics 2025, 5, 31 15 of 19

Figure 2. One-pole solution at t = 0 for x ∈ [−2, 2] with parameters n01 = 1, n02 = 1, λ0 = (1 + i).
The components are colored as follows: q1—red; q2—green; and q3—blue.

Figure 3. Spatio-temporal evolution of the solution for t ∈ [−5, 5], x ∈ [−5, 5].

• Rogue waves. If λ0 = e
ikπ
3 , k ∈ {1, 2, 4, 5}, we obtain a rouge wave—a temporally

localized solution that starts from 0 for all components at t → −∞, is non-zero
and peaks at t = 0, and then goes to 0 again for t → ∞. Note, that while the
solution is temporally localized, it is not spatially confined. As an example, let
n01 = 1, n02 = 1, λ0 = e

iπ
3 = 1

2 + i
√

3
2 . Explicitly we have

q1 =
8 cos(2x − t)

√
3 cosh(t

√
3)

4 − 3 cos(2t − 4x) + cosh(2t
√

3)
,

q2 =
2

(
4 − 3 cos(2t − 4x) + cosh(2t

√
3)
)2

×
(

3 cos(2x − t)
(

2 sinh(t
√

3)− sinh(3t
√

3)
)

− 9 cos(6x − 3t) sinh(t
√

3) + 3 sin(6x − 3t)
√

3 cosh(t
√

3)

−
√

3 sin(2x − t)
(

30 cosh(t
√

3)− cosh(3t
√

3)
))

,

q3 = 4
3 sin(2x − t) sinh(t

√
3)− cos(2x − t)

√
3 cosh(t

√
3)

4 − 3 cos(4x − 2t) + cosh(2t
√

3)
.

(97)

Plots of the solution can be found in Figures 4 and 5.
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Figure 4. One-pole solution at t = 0 for x ∈ [−5, 5] with parameters n01 = 1, n02 = 1, λ0 = e
iπ
3 . The

components are colored as follows: q1—red; q2—green; and q3—blue.

Figure 5. Spatio-temporal evolution of the solution for t ∈ [−5, 5], x ∈ [−5, 5].

• Plane wave-like solutions. As the pole λ0 approaches the real axis, the solution
approaches a plane wave, with the amplitude quickly tending to zero. Figures 6 and 7
contain plots of the solution for n01 = 1, n02 = 1, λ0 = 1 + i10−2.

Figure 6. The solution at t = 0 for x ∈ [−5, 5] with parameters n01 = 1, n02 = 1, λ0 = 1 + i10−2. The
components are colored as follows: q1—red; q2—green; and q3—blue. Here q1 and q3 are overlapping.
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Figure 7. Spatio-temporal evolution of the solution for t ∈ [−5, 5], x ∈ [−5, 5].

6. Conclusions and Discussion
Usually research on integrable models is motivated by one of two interests. For a pure

mathematician, the subject is interesting without considering the area of application of
the model in question. Solving non-linear PDEs is challenging and has merit on its own.
The other side is practical application. Modeling complex phenomena in physics usually
leads to a system of NLEEs and sometimes (usually with the correct approximation) the
equations are integrable. The truth is that only a fraction of all derived exactly solvable
NLEEs have real practical application. This does not mean that new systems should not
be studied, even if their practical application is yet unknown. In fact, probably the best
strategy is to try and compile a list of all possible exactly solvable models, at least for a
practical number of components. Such a list is almost exhausted for Lax operators linear in
the spectral parameter, at least in 1 + 1 dimensions. A natural direction, then, is to consider
polynomial dependence on the spectral parameter.

While this paper formulates the basic scattering problem, it is far from complete. An
extremely important point that is missing is solving the inverse scattering problem. Usually
this is performed using the Gelfand–Levitan–Marchenko equation. It can be generalized to
our case, but this is rather involved and is to be performed in a future work.

Another direction of future research is the Hamiltonian formulation of the NLEEs.
Note that the scattering factors D±

k are time-independent; hence they can be used to gener-
ate integrals of motion. Any of those integrals can in principle be used as a Hamiltonian,
provided we find the correct Poisson bracket. This can be performed if we find what is
known as recursion operators of the L operator.

There is a hierarchy of equations related to the used L operator. Each member
of this hierarchy is associated with an M operator of order (in the spectral parameter)
n = 2k + 1, k = 2, 3, 4 . . .. This can also be performed by using recursion operators.

With all that said, it is our believe that the derived system of NLEEs will be of use in
practice, for example in the fields of fluid dynamics, optics, and plasma physics.
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Appendix A. The Inverse of adJ

An arbitrary element of sl(2,C) can be represented as X = a1σ1 + a2σ2 + a3σ3, where
a1, a2, a3 are arbitrary complex scalars. Then the action of adJ over X is

adJ X =
[

J, X
]
=
[
σ3, a1σ1 + a2σ2 + a3σ3

]
= 2i(a1σ2 − a2σ1), (A1)

where we have used (9). Then the action of adJ over adJ X is

adJ
(
adJ X

)
=
[

J, adJ X
]
= 2i

[
σ3, a1σ2 − a2σ1

]
= (2i)2(−a1σ1 − a2σ2)

= 4(a1σ1 + a2σ2) = 4X⊥.
(A2)

Finally

X⊥ =
1
4

adJ
(
adJ X

)
, (A3)

and because X⊥ = ad−1
J
(
adJ X

)
by definition, it follows that ad−1

J = 1
4 adJ .
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